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1 INTRODUCTION 

Computational Heat Transfer (CHT) has experienced exceptional advances due to 
the improved computer hardware combined with the development of advanced 
numerical techniques and algorithms over the last decade. Numerical simulation 
has emerged as an alternative and, sometimes, as the only approach to analyze in 
detail, complex thermal-fluid phenomena. However, CHT is still at the stage of 
intensive development, particularly in engineering applications, where most of the 
problems considered in the past involve significant simplifications regarding 
geometry, physics and parameter range. Many computational techniques for 
thermal-fluid problems have been proposed, tested, and refined, mainly for steady 
flow and time-averaged conservation laws, the latter for modeling transport 
phenomenon in turbulent flows. Recently, there has been an increasing trend 
toward simulation of more complex thermal-fluid phenomena with a level of 
complexity that is close to industrial applications. CHT is therefore becoming an 
emerging field, not only in fundamental research, but also as a design and analysis 
tool in engineering practice [1, 2]. 

The ability to simulate complex-geometry and complex-physics flows has 
grown rapidly in the last two decades because of the effort devoted to 
Computational Fluid Dynamics (CFD). In the zeroth-order approach to 
convective heat transfer, the temperature field is solved in the presence of a 
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known velocity field, i.e., uncoupled momentum and energy equations. Since the 
velocity field is seldom known, the flowfield needs to be obtained first, making 
CFD an essential part of CRT. The numerical prediction of convective heat 
transfer usually requires the combined solution of the velocity and temperature 
fields that are governed by the equations of conservation of momentum, mass, and 
energy. Often, simplifying assumptions or models are necessary to make 
complicated problems tractable. However, if a fairly complete and accurate 
mathematical description of the main factors affecting the transport phenomena 
are retained, and the numerical algorithms are suitable to solve the mathematical 
equation, then the results can be considered an accurate computer simulation of 
the physical process. Therefore, there are two different issues to consider 
regarding the analysis of numerical uncertainties: first, the quantification of the 
mathematical modeling errors, and, second, the identification and estimation of 
the numerical errors of the computational scheme used to solve the governing 
equations modeling the physical phenomenon. 

We can broadly classify the numerical schemes used for simulating 
thermal-fluid phenomena into Eulerian and Lagrangian schemes with regards to 
formulation and into spectral, finite difference, finite volume, boundary-element 
and finite element techniques with regards to discretization algorithms. These 
schemes vary in complexity, computing efficiency, numerical accuracy, and 
flexibility. Each numerical method offers different advantages and limitations for 
simulating a certain class of transport phenomena. However, no one technique 
appears to be superior in solving a broad range of problems. Although most of 
these widely used numerical schemes fall within one of these categories and their 
differences might have been initially quite clear, recent approaches have 
combined these traditional schemes, leading to hybrid algorithms with 
encouraging results for solving complex thermal-fluid phenomena as well as for 
effective utilization of modem computer architecture. Several hybrid methods 
have been proposed using high-order polynomial expansions local to finite 
element, called p or combined h-p finite elements [3], global elements [4, 5] and 
spectral elements [6-9]. 

In this chapter, we concentrate on a class of hybrid discretization, called 
spectral element method, which combines finite elements and spectral schemes to 
produce high-order spatial accuracy. Both approaches are based on the principle 
of weighted residuals, and the spectral element method utilizes variational 
projection operators in conjunction with local Chebyshev or Legendre polynomial 
expansions which exhibit exponential convergence to smooth solutions. Even 
though other polynomial series can be employed, Chebyshev and Legendre 
polynomials are most frequently used because they are complete orthogonal sets 
of eigenfunctions which come from the solution of Sturm-Liouville problems. 
Furthermore, their coefficients are easily evaluated with a recurrence formula. 
The spectral element method can also be classified as a domain decomposition 
technique that combines globally unstructured and locally structured spatial 
discretizations. The global decomposition in macroelements provides geometric 
flexibility, and the local structure permits an efficient high-order approximation 
by spectral expansions through Chebyshev collocation points. 
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2 MATHEMATICAL FORMULATION 

We consider unsteady incompressible flows and forced convection in three­
dimensional domains which are governed by the Navier-Stokes, mass 

conservation and energy equations. We denote by D = DrUD
8 

the three­
dimensional computational domain, and by dD the computational boundary 

surfaces, composed of solid heat conductive walls, dDs-r = dDrUdD
8

, and periodic 
surfaces, dDP. The governing dimensionless equations for fluid flow, conjugate 
conduction/convection heat transfer with a volumetric heat source, and mass 
transfer is given by a system of partial differential equations for the solid and fluid 
domains written in the following form: 

av - - 1 2--=Vxffi-VTI+Re- V' V 
dt 

dT ( )-t 2 - r. ) - = Re· Pr V' T-v · ,vr + s 
dt 

de ( )-t 2 -- = Re· Sc V' c-V · V' c 
dt 

inD 

(1) 

(2) 

(3a) 

(3b) 

where V(x,t)=u.X+v:Y+wz is the velocity; x and t represent space and time, 

respectively; ll=p+112V2 is the dynamic pressure, T(x,t) is the temperature 

field, and ffi = V' x V is the vorticity, Re is the Reynolds number, Pr is the Prandtl 
number, and S corresponds to the nondimensional volumetric heat source; Sc is 
the Schmidt number and c(x,t) is the concentration field. Buoyancy effects are 
considered negligible for the range of Reynolds numbers investigated, and viscous 
dissipation and radiation are likewise neglected in the energy equation. The 
boundary conditions for velocity in the Navier-Stokes equation are no-slip along 

the solid-fluid interfaces ans-f' and inflow/outflow or periodicity in the 
streamwise and spanwise directions. In the solid region D, the velocities are zero 
in the energy equation and no-slip boundary conditions are satisfied. The 
appropriate boundary conditions will be discussed in the context of the individual 
applications presented in the later sections. 

For periodic streamwise conditions and solid walls, the velocity boundary 
conditions are 

V(x,t) =0 on ans (4) 

V(x+ nL,y,z,t) = Y(x,y,z,t) (5) 
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where L is the geometric periodicity and n an integer periodicity index. For the 
pressure we require 

O(x,t) = -f(t)x+ IT(x,t) (6) 

ll(x + nL,y,z,t) = IT(x,y, z, t) (7) 

where f(t) is the driving pressure gradient. Since in complex geometry flows or 
transitional flows the pressure gradient is unknown, it is preferable to impose the 
volume flow rate Q(t) as 

J
W J()DTop 

Q(t) = u(x0 ,y,z,t)dydz 
-w ao,.,., ... 

(8) 

where 2W is the length in the spanwise direction. 

For the forced convective heat transfer equation in the fluid domain Df' the 
temperature boundary conditions can be either Dirichlet (temperature), Neumann 
(flux), mixed Robin (heat transfer coefficient), periodicity, or continuity of 
temperature and heat flux for conjugate conduction/convection problems. 

Simplified thermal modeling procedures often reduce a forced convective 

problem to solving the heat equation within the solid domain D
8 

and imposing the 
convective effects of the fluid through a heat transfer boundary condition at the 
solid-fluid interface s-f, Eq. (9). 

(9) 

where h is the convective heat transfer coefficient and is a proportionality constant 
that models the ability of the fluid to remove heat at the solid-fluid interface. The 

proper reference temperature Tref is problem-dependent and can be chosen as the 
ambient, bulk, adiabatic, or inlet temperatures. Reformulation of the problem 
necessitates that the heat transfer coefficient be obtained either empirically or 
numerically by solving the coupled system of Eqs. (1)-(3) only in the fluid 

domain Dr and imposing thermal boundary conditions along the solid-fluid 
boundary. This implies that the effect of heat conduction within the solid is 
replaced by idealized boundary conditions that assume the heat flow paths in the 
solid and decouple the resistance associated with conduction within the solid and 
convection within the fluid. However, in conjugate problems, neither the 
temperature nor the heat flux at the solid-fluid interface can be prescribed 
accurately a priori, especially in systems that involve intense heat transfer, 
multimaterial solid domains, and localized heat generation [10]. Therefore, the 
convective boundary condition, as previously described, may not provide accurate 
predictions. The appropriate thermal boundary conditions for conjugate 



SPECfRAL ELEMENT METHODS IN COMPLEX GEOMETRIES 75 

conduction/convection [11] are continuity of heat flux and temperature at the 
solid-fluid interface and are termed boundary conditions of the fourth kind, Eqs. 
(10a)-(10b). 

k iJTs =k iJTf 
s an r an 

T =T s,_, J;_, 

(lOa) 

(lOb) 

Different numerical techniques have been implemented to investigate 
conjugate conduction/convection and to demonstrate the effect of conjugation on 
thermal performance characteristics. However, most of the situations analyzed 
have been steady state with homogeneous solid domains and simple geometries. 
A two-dimensional steady conjugate study in a laminar boundary layer with a heat 
source at the solid-fluid interface was conducted using finite differences [12]. The 
time-dependent conjugate behavior of a semi-infinite slab exposed to uniform 
surface heating was studied using the unsteady surface element method [13]. The 
two-dimensional conjugate behavior of hydrodynamically, fully developed, 
laminar flow through a circular tube with thick walls and a finite heated length 
was investigated using a finite volume approach [14]. A semi-analytical approach 
that utilizes an integral formulation for the fluid domain and a finite volume 
formulation for the solid domain was successfully developed to study plates with 
discrete heat sources, which model surface-mounted electronic packages [15]. 
Mixed laminar convection from local heat-generating components was also 
studied using a simpler-based approach [16]. Time-dependent studies of 
multimaterial, local heat generating configurations using the spectral element 
method were conducted by Nigen and Amon [17, 18] for both laminar and 
transitional Reynolds numbers. This investigation contrasted thermal behavior 
characteristics for conjugate and convection-only representations of a simulated 
electronic package and demonstrated the significance of including time­
dependency and conjugation. 

3 DISCRETIZATION 

3.1 Temporal Discretization 

The time-discretization procedure consists of a fractional scheme for the 
semidiscrete formulation of the time-dependent term in the Navier-Stokes, energy 

A 

and concentration equations. Intermediate velocities V and V, Eqs. (11)-(13), 

and temperature f, Eqs. (16)-(17) are computed in a way that the left-hand side 
yields iJV I ot whereas the right-hand side contains the contributions of the 
nonlinear, pressure, and viscous terms. The advantage of this time-splitting 
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scheme is that it reduces the coupled system of Eqs. (1) and (2) into a system of 
separately solvable equations for the pressure and velocity enabling the 
application of different algorithms to different terms in the Navier-Stokes 
equations to obtain gains in efficiency. The error, due to the time-splitting 
scheme, scales as [o(Al)+ o(At/Re)] and restricts the time-step size in applications 
seeking to simulate time-dependent transitional flows. The nonlinear convective 
term, Eq. (11), is treated explicitly to decrease the computer time required per step 
because of the need to solve a nonlinear problem at each time step. The viscous 
term, Eq. (13), is treated implicitly to avoid unreasonable time-step restrictions 
due to the stiffness of diffusion problems [5] and the high resolution of 
Chebyshev spectral approximations near the boundary of the elements [19]. The 
dynamic pressure n is calculated in Eq. (14) so that the velocity satisfies the 
incompressible condition of Eq. (2) even though n does not appear in this 
equation. The time-stepping procedure is given by the following steps: 

Nonlinear step: 

Pressure step: 

Viscous step: 

~n+l_ vn+l 
----=-Y'IT in D 

!1t 

Y' · ~n+l = 0 in D 

on an 

in D 

yn+l _ ~n+l 1 _ 
____ = -Y'2vn+t in D 

!1t Re 

(11) 

(12a) 

(12b) 

(12c) 

(13) 

where the superscript n refers to time step. The first step, Eq. (11) represents the 
explicit treatment of the nonlinear convective term by a third order Adams-

Bashforth method, where the coefficients are 130 = 23/12, 131 = -16/12, and 

132 = -5/12. This scheme introduces low dispersion errors and contains a relatively 
large portion of the imaginary axis within the absolute stability region of the 
scheme. 

In the second step, Eqs. (12a)-(12c), the effect of the pressure is included 
and incompressibility is satisfied. By taking the divergence of Eq. (12a) and 
imposing Eq. (12b), we obtain the following Poisson equation for the pressure: 
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in D 

This elliptic equation is then solved implicitly subject to 

yn+l . fi 
VTI·n=-­

ru 
on an. 

(14a) 

(14b) 

The imposition of an inviscid-type boundary condition, proposed first by 
Deville and Orszag [19], introduces errors of o(~t/Re) that are important only at 
very low Reynolds number flows. 

Finally, at the third fractional step, for the Navier-Stokes equation, Eq. 
(13), the viscous corrections are handled implicitly using a Crank-Nicolson 
scheme and the no-slip boundary conditions are imposed, giving 

in D (15) 

The nonlinear convective term, treated explicitly, is the only source that 
imposes stability conditions for the scheme (Courant-Friedrech-Lewy condition 
number), since the pressure and viscous contributions are treated implicitly by 
Euler backward or Crank-Nicolson schemes, which are unconditionally stable, 
resulting in an efficient and robust inversion of the global system matrices. 
Consequently, the time-step size is constrained by both accuracy in the time­
splitting formulation and stability of the explicit scheme. For high Reynolds 
number flows in the turbulent flow regime, the viscous term can be treated 
explicitly since stability conditions for the convective contributions, Eq. (11), are 
as severe as the ones for the diffusive contributions, Eq. (13). 

For the energy and mass transfer equation, Eqs. (3a)-(3b ), we use a similar 
semi-implicit time-stepping scheme with two steps. The first step is an explicit 
third-order Adams-Bashforth step for the convective and source volumetric heat 
generation terms, and the second step is an implicit Crank Nicolson step for the 

conductive terms. The semi-discrete equations for Tn(x) = T(x, n~t) are then 

2 
jn+l - Tn = -~t L~q V. (i'T)n-1 + S (16) 

q=O 

Tn+l _ jn+l = At [v2 (Tn+l + Tn)] 
2Re·Pr 

(17) 

and boundary conditions are imposed on Eq. (17). 
The numerical approach consists of integrating the continuity and Navier­

Stokes equations for the fluid portion of the domain and then integrating the 
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energy and mass transfer equations for both the solid and fluid domains. This 
procedure is iterated in time until either an asymptotically-steady, time-periodic or 
converged state is reached. 

3.2 Multi-dimensional Spatial Discretization 

Once we obtain the semidiscrete temporal equations, we proceed with the spatial 
discretization using a spectral element-Fourier decomposition of the three­
dimensional computational domain. For a homogeneous geometry in the z 
direction, periodic boundary conditions and symmetry are consistent with the 
governing equations (1) and (2). Therefore, the velocity and pressure can be 
represented as two-dimensional (x,y) components with Fourier expansions in the 
homogeneous z direction, 

r

u(x ,t) 1 [" <2>(x ,y ,t )I ["m (x ,y ,t )cos(mj3z) 1 
v(x,t) = v<2>(x,y,t) + f vm(x,y,t)cos(mj3z) 

w(x,t) w<2>(x,y,t) m=I wm(x,y,t)sin(mj3z) 

ll(x ,t) I1(2)(x ,y ,t) I1m (x ,y ,t )cos(mj3z) 

(18) 

where l3 is the wave number in the spanwise direction. We use cosine and sine 
expansions instead of exponentials because of the symmetry in the z direction and 
the reality conditions of the velocity and pressure in the physical space. For the 
analysis of two-dimensional flows, the vm are identically zero; for linear three­

dimensional stability analysis, a single infinitesimally small spanwise mode is 
included; and for three-dimensional flows, M is chosen so as to include all excited 
spanwise scales. 

To impose the flow-rate condition Q(t) in Eq. (8), let us assume for 
simplicity the flow direction to be the x direction. Then, for incompressible flow, 

at station x0, 

Q(t)= f f u(x0 ,y,t)dydz=J J [u<
2
\x0 ,y,t)+ ~um(x0 ,y,t)cos(mj3z)]dydz 

= f f u<
2
>(x0 ,y,t)dydz+ ~Jum(x0,y,t)dy Jcos(mf3z)dz (19) 

where 

J: cos(mf3z) dz = 0, 
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Therefore, only the mean streamwise velocity u<2) contributes to the net 
flow rate, obtaining 

J
i)DTop 

Q(t) = 2W u<2)(x0 ,y,t) dy = Q20 (t) · 2W 
aD"""""' 

(20) 

It suffices to impose at any x0 station 

(21) 

which is done in a preprocessing stage, before the time-stepping procedure. 

3.2.1 Fourier expansions. The Fourier expansions, Eq. (18), are then inserted 
into the sernidiscrete equations, Eqs. (11), (14), and (15). To demonstrate this 
procedure, we consider the elliptic operator corresponding to the pressure step, 
Eq. (14a), and substituting Eq. (18), we obtain 

(22) 

where \72 = o2 lox 2 +o2 loy 2 and Tim are the Fourier coefficients for the 

spanwise direction. First, we follow a Galerkin approach in z, multiplying Eq. 
(22) by cos(kj3z), integrating and applying orthogonality property to obtain the 
following equation for the Fourier coefficients Tim [20]: 

v -m -- --+--+m w (n2 2132)TI - 1 (aum ovm 13 A ) 

ml\tox oy m (23) 

m=l,2, ... ,M 

We can now proceed to discretize the two-dimensional components of the 
velocity and pressure in the x-y plane using a variational spectral element 
discretization. 

3.2.2 Spectral element discretization. In a two-dimensional spectral element 
discretization, the computational domain is partitioned into K non-overlapping 

four-sided macroelements given by 9{K = [aK,bK]. Each element is then 
isoparametrically mapped from the physical x = (x ,y ) space to the local (r,s) 

coordinate system. The geometry, pressure, and velocity are represented as a 
tensor product of high-order Lagrangian interpolants through Gauss-Lobatto 
Chebyhev collocation points, defined as 
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K N ~ 
[x,v,n]cr,s)= L t ~ (x,V,ffi~ht(r)hj(s) (24) 

k=l i=O j=O 

where h;(r) and h/s) are local Lagrangian interpolants that satisfy h;(Sj) = Bij at 

the local (r,s) coordinates, and B;j is the Kronecker delta symbol. The discrete 

space is defined'in terms of the spectral element discretization parameters (K, N1, 

N2), where K is the number of spectral elements, and N1 and N2 are the degrees of 
the piecewise high-order polynomials in the r and s directions, respectively. 
Isoparametric mappings are used to transform general curvilinear domains into 
standard domains as illustrated in Fig. 1. To insure rapid convergence of the 
resulting expansions, the local and physical collocation points are chosen to be the 

Gauss-Lobatto Chebyshev points, defined as xl = -cosnj/Ni . Also, the choice of 

these collocation points results in closed-form analytical expressions for the 
quadratures involved in the computations. The Langrangian interpolants in Eq. 
(24) are expanded as 

(25) 

where m = i,j and I;= r ,s , and T
0 

are the Chebyshev polynomials defined as 

Tn (cos9) = cosn9 (26) 

and 

c ={1 m:;tO,N 
m 2 m=O,N 

(27) 

In the numerical simulations presented in this paper, we choose the same 

resolution in both spatial directions, i.e., N = N1 = N2• However, in practice, this 
does not need to be the case. For general complex geometry computational 
domains, we can extend the two-dimensional spectral element discretizations to 
three-dimensions by employing hexahedral spectral elements. An alternative 
approach for flows with one homogeneous or periodic direction consists in 
discretizing this direction through equally-spaced planes, using the Fourier 
expansions introduced in Section 3.2.1. 
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X 

Figure 1 Four-sided spectral macroelement domain (a) curvilinear macroelement, 
and (b) standard spectral macroelement. 

To illustrate the two-dimensional spectral element discretization, we 
consider Eq. (23) corresponding to the pressure step discretized by Fourier 
expansions in the spanwise direction. To simplify the notation, let us set 
g=(oum/ox+ovm/oy+mPwm)/L\1 where all of the variables are known from 
the nonlinear step calculations. Then, it can be written as a modified Helmholtz 
equation of the form 

(vz -mzpz )nm = g in D (29) 
m=l, ... ,M 

subject to homogeneous Dirichlet boundary conditions, ll = 0 on oD. Equation 
(29) is discretized using variational spectral elements in the x-y plane. The 
variational formulation recognizes the equivalence between solving the 
differential Eq. (29) and maximizing the functional 

(30) 

The spectral element discretization corresponds to numerical quadrature of 
the variational form, Eq. (30), restricted to the discrete space defined in terms of 

the parameters (K, N1, N2). 

In local (r-s) coordinates, Eq. (30) is written as 
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where n corresponds to Om, 1 is the Jacobian of the elemental transformations, 

and V is the conservative form of the Jacobian multiplied gradient operator [20]. 
To generate the discrete equations for each element k, we insert the 

interpolants Eq. (25) and the nodal collocation values of the geometric 
transformation into the functional. Then, we use a Galerkin-weighted residual 
technique and perform the resulting integrals, requiring stationarity at the 
collocation points. Using the selected Gauss-Lobatto Chebyshev collocation 

points ~~ and corresponding weights Ppq = PpPq, Eq. (31) is expressed as 

The Jacobian J~ of the transformation from physical to local coordinates 

is calculated from the partial derivatives of the geometric isoparametric 

transformation rx, ry, sx, and sy. 
Once the local basis function is selected, the spectral element 

approximation for nk is 

Ilk=~ i: rr~nl!m<r)hn(s), (33) 
n=O m=O 

where n::m are the expansion coefficients and also the local nodal values of n . 
The geometry is also represented via similar tensorial products with the same 
order polynomial degree, i.e., 

N, N2 { ) 

(x,yl = L L \X~,y~ ~(r)hn(s), 
n=O m=O 

where x~ and y~ are the global physical coordinates at the node (mn) in the k 

element. 
To construct the discrete matrix of the global system, we insert Eq. (33) 

into Eq. (32) and perform direct stiffness summation [21] adding at the boundary 
nodes the contributions from the neighboring elements, obtaining 

(35) 
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where L' denotes direct stiffness summation, and 

Bii =f
1 

hi(~)hi(~)d~, 
-I 

~=r,s (36) 

The spectral solutions are C
0 

across the boundaries of the elements with 
interfacial continuity constraints imposed only by the variational formulation 
without requiring any explicit patching at the elemental interfaces. Therefore, 
there is a weak coupling between dependent variables for neighboring elements. 
This results in banded, relatively sparse matrices, which are critical regarding 
computational efficiency of the method in terms of memory requirements and 
processing time. 

Adequate mesh resolution is verified by comparing the temperature, 
concentration and flow characteristics using different order of local expansions 
and/or macroelement discretizations. The control of spatial resolution and the 
high degree of accuracy associated with this technique makes it well-suited for 
studying conjugate problems with localized heat generation and multimaterial 
solid domains, especially those with large variation in material properties. 

4 APPLICATIONS 

In this section, we present direct numerical simulations of several time-dependent 
fluid flows including mass and heat transport. 

4.1 Flows in Abdominal Aortic Aneurysms 

The first example corresponds to relatively complicated steady and pulsatile 
axisymmetric flows with curvilinear boundaries encountered in abdominal aortic 
aneurysms. Abdominal Aortic Aneurysms (AAAs) are localized balloon-shaped 
expansions commonly found in the infrarenal segment of the abdominal aorta, 
between the renal arteries and the iliac bifurcation. While the cause and nature of 
AAAs is still an important matter of debate, abdominal aortic aneurysm rupture is 
the 15m leading cause of death in the United States, affecting patients over 55 
years of age, typically 2-4% of elderly males. As the overall mortality rate 
following aneurysm rupture may exceed 90% [22] determining the risk factors 
that may have an important role in aneurysm growth and rupture has become an 
integrated multidisciplinary task oriented towards obtaining an agreement on the 
pathogenesis and evolution of AAAs. It is well known now that arterial diseases, 
present in local irregular geometries, are the result of a combination of complex 
biochemical processes that take place in the vascular wall at the cellular level as 
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well as hemodynamic factors resulting from the interaction of blood flow and the 
endothelium, the innermost cellular monolayer of the cardiovascular system. 
Recent investigations related to AAA phenomena are based on four major areas: 
(i) clinical studies focused on the etiology and screening of AAAs, as well as the 
determination of possible risk factors related to chemical alterations occurring in 
the cellular matrix of the endothelium; (ii) experimental and numerical studies 
focused on the simulation of physiological hemodynamics in aneurysm models; 
(iii) experimental and numerical studies based on stress-strain analysis and wall 
mechanics of the aneurysm wall, and (iv) in-vitro cell biology investigations and 
numerical simulations of cell models that attempt to correlate the hemodynamic 
patterns found in arterial models with the clinical evidence known for arterial 
diseases. Several numerical studies of steady and pulsatile flows through 
aneurysms are found in the literature. Guzman and Amon [23] and Amon, et al. 
[24] have utilized spectral element discretizations to study the temporal flow 
evolution of laminar, transitional and chaotic flows in converging-diverging 
channels using a geometry similar to that represented in Fig. 2. Direct numerical 
simulations of non-Newtonian flow through double-aneurysm models have been 
conducted under pulsatile conditions, resulting in flow patterns and wall shear 
stresses that were underestimated for otherwise Newtonian flow behavior [25, 26]. 
Validation of pulsatile non-Newtonian flow simulations has been done by means 
of three asymptotic cases that take into account geometric irregularities in the 
model [27]. Currently, Finol and Amon [28, 29] are performing spectral element 
simulations of blood flow through AAA models. The objective of these 
simulations is to provide new insights to hemodynamic indicators that have not 
yet been evaluated when quantifying disturbed flow conditions, both steady and 
pulsatile, at the aneurysm wall. 

r 

z 

Figure 2 Representation of the axisymmetric model of the two-aneurysm 
abdominal aorta. 
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4.1.1 Mathematical formulation. The geometry of the abdominal aorta with 
two aneurysms is shown in Fig. 2. Two converging-diverging regions define this 
geometry, the physical model of which has been previously used by Guzman, et 
al. [25, 27]. We consider both steady and pulsatile, incompressible, 
homogeneous, Newtonian flow in a two-aneurysm rigid-wavy-walled 
axisymmetric model. The deformed wall is represented by two sine functions as 
follows: 

f(z)= 
(D1 -D)[ ·{21tZ 1t)] D -4- l+st L";-2 +2 

(D2 -D)[l ·{2n(z-L1 ) 1t)] D --- +st -- +-
4 L2 2 2 

(37) 

The momentum and continuity equations in axisymmetric coordinates that 
govern these flows are given by 

(38a) 

(38b) 

(38c) 

where V(x,t)=u/+uzz is the velocity vector, and 'fzz, 'frr and 'frz are the 
components of the two-dimensional stress tensor. The boundary conditions for the 
velocity V(x,t) are nonslip at the walls, symmetry at the centerline, fully 

developed parabolic profile at the inlet, and zero-traction outflow condition at the 
exit. Blood flow is simulated for average blood properties [30] with molecular 

viscosity J.l = 0.00319 Pa·s and density p = 1,050 kg/m
3

• The governing equations 
are nondimensionalized by the factor D/2; hemodynamic parameters evaluated at 
the arterial wall are nondimensionalized using their corresponding magnitudes 
obtained for Poiseuille flow. The governing equations, subject to the appropriate 
boundary conditions, are solved numerically using a spectral element method for 
the spatial discretization with local Legendre polynomial expansions [6, 7]. 

The calculation of the local Wall Shear Stress Gradient (WSSG) is based 
on the predictor equation proposed by Lei and Kleinstreuer [31] at the cellular 
level, corrected from their previous work [32]: 
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(39) 

where t and ii are the local tangential and normal directions to the wall, as 

shown in Fig. 2. The nondimensional WSSG is obtained using the factor 2-rw
0
/D, 

which is the gradient of shear stress at the wall for Poiseuille flow: 

WSSG*= WSSG 
2-rwo /D 

(40) 

4.1.2 Steady flow. Numerical results are obtained at Reynolds numbers over the 
range 10 :s; Re :s; 2265. The Reynolds number is based on the undilated vessel 
diameter (diameter of the model at z = 0) and the average velocity at the entrance 
of the vessel. In the constant flow simulations, the inlet velocity profile is 
parabolic, corresponding to a fixed inlet flow rate. A time-dependent initial value 
code is used to find the solution for steady flow, starting from arbitrary initial 
conditions. The pressure at the exit of the two-aneurysm model is set to · 70 
rnmHg, which is the time-average late diastolic pressure in the infrarenal segment 
of the human abdominal aorta [33]. Therefore, all the pressure results are relative 
to this value. 

Typical laminar flow streamlines for the range of Reynolds number 
10 :s; Re :s; 2265 are shown in Fig. 3. At Re = 10, corresponding to a flow rate of 
0.012 Umin, no flow separation occurs, and the main stream of fluid fills 
completely each of the vessel dilatations in a forward flow pattern. The 
converging-diverging shape of the model produces successive convective 
decelerations and accelerations of the flow that result in very small axial velocities 
near the wall at the center of each aneurysm. The onset of flow separation is found 
to occur within the range 24.74 < Re < 25.21. For Re = 25, negative axial 

velocities in the order of magnitude of 10-
5 

cm/s are obtained close to the wall. 
Figures 3(b) through 3(f) show streamline plots that demonstrate a characteristic 
flow pattern: an inner core flow that passes through each dilation and two main 
surrounding regions of flow recirculation and separation. The symmetrically 
recirculating regions inside the arterial expansions are characterized by an upper 
subregion of reversed flow, which interacts with the AAA wall, and a lower 
subregion of forward flow which is sheared by the fluid core. For Re ::!: 500, the 
fluid moving in reverse direction occupies most of the aneurysm sac volume, 
while the forward moving fluid in the vortex fills in a very small portion of the 
expansion. This is represented by a contraction of the streamlines in the distal half 
of each aneurysm, to the right and below the center of the vortex, and an 
expansion of the streamlines in the proximal half, especially close to the wall. 
Consequently, the upper subregion is essentially a zone of slowly moving 
particles of fluid, nearly stagnant, of high distal and low proximal shear due to 
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blood flow-endothelium interaction. At each aneurysm enlargement, streamline 
separation occurs proximally. The dividing streamline represents particles of fluid 
that, after separation, continue flowing distally, along the undisturbed moving 
core. Particles traveling right above the dividing streamline enter the AAA sac, 
and upon reaching the distally located boundary layer reattachment point, reverse 
their direction, flowing backwards along the wall, towards the separation point. 
Therefore, fluid along the wall moves against a pressure gradient and after 
traveling the longitudinal perimeter of each aneurysm, the core flow, which is 
faster, separates from the wall and forms a laminar main stream with two or three 
annular regions of flow recirculation. 

~ 
I 

~ 
I 

(a) 

(d) 

(e) 

(f) 

Figure 3 Streamlines for laminar steady flow at (a) Re = 10, (b) Re = 100, (c) 
Re = 500, (d) Re = 1000, (e) Re = 1750, and (f) Re = 2265. The direction of the 
flow is from left to right. 



88 ADVANCES IN NUMERICAL HEAT TRANSFER, VOL. 2 

Figures 3(b) through 3(f) also show that as the Reynolds number is 
increased, the center of the recirculating flow regions moves downstream, distally, 
and also downward, closer to the main stream. This causes the displacement of the 
boundary layer separation points further upstream, and the reattachment points 
further downstream, increasing the volume occupied by the vortices within the 
aneurysm sacs. In the range of 500 < Re !5: 2265, however, the movement of the 
vortex center occurs towards the distal edge of each aneurysm, but not closer to 
the main stream. This results in a fairly constant core flow volume through the 
model for the higher flow rates (0.57 Umin < Q !5: 2.59 Umin). For Re ~ 1750, an 
induced secondary vortex is formed in the large aneurysm. This small vortex, 
which increases in size and intensity for Re = 2265, is clockwise-rotating, 
indicating the presence of positive wall velocity gradients. The formation of a 
second recirculation region, trapped between the AAA wall and the main vortex, 
occurs for a range of Reynolds numbers for which transition to turbulence has 
been observed experimentally. Therefore, an intermittent transition regime 
characterizes the results obtained for 17 50 !5: Re !5: 2265. 

The shear stress gradient distribution at the arterial wall is shown in Fig. 4. 

It is nondimensionalized by the WSSG obtained in a Poiseuille flow, 2-cwo /D, for 
which D is the undilated diameter of the aorta. The peak WSSG* in the small 
aneurysm is 6.40 times the shear stress gradient for an undilated aorta; similarly, 
the peak WSSG* in the large aneurysm is 7.55 times the initial WSSG. A healthy 
aorta would then be exposed to focal variations of shear stress direction 10 times 
larger than those found in the center of an aneurysm. However, it is the distal end 
of an arterial expansion that experiences the high levels of WSSG. If individual 
endothelial cells are exposed to these levels of WSSGs when an aneurysm grows 
in an arterial branch, then the zero-tension hypothesis proposed by Lei and 
Kleinstreuer [31] for the mechanisms of cell response can be interpreted for a 
segment of an injured arterial wall in the following way: A normal, healthy 
endothelium maintains a non-zero state of stress, which is the result of its 
interaction with blood flow and blood's cellular components, causing axial and 
circumferential tension, normal stresses and shear stresses; for steady flow, a 
uniform shear stress field exists along the arterial wall. This results in a uniform 
but non-zero WSSG field (WSSG* = 10 in Fig. 4), due to gradients of shear stress 
perpendicular to the wall. When t':is uniform WSSG field is disrupted as a 
consequence of deformities in the endothelium's geometry, levels of low and high 
gradients of shear stresses coexist within focal regions of the arterial wall. For 
low levels of WSSGs (WSSG* < 10 in Fig. 4), disturbed flow conditions are 
diminished and the endothelium tries to regain its integrity at these locations. For 
high levels of WSSGs (WSSG* > 10 in Fig. 4), there is a stronger viscous 
interaction at the wall, which promotes thrombus formation inside the aneurysm 
[34], further increasing the risk of rupture of the injured site. 

Normal endothelial cells experience a non-zero intercellular tension 
condition, which exists under a uniform wall shear stress field and a zero WSSG 
[31]. However, while shear stress is constant at a healthy endothelium under 
steady flow conditions, there is a gradient of shear stress perpendicular to the 
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wall. Since Eq. (39) defines the gradient of shear stress at the wall as a function of 
both ifrw I dt and (trw I on, WSSG cannot be zero or negative, under normal 

conditions, even for quantification of cell responses. 

4.1.3 Pulsatile flow. For pulsatile flow conditions, the inlet mean cross flow 
velocity is time-dependent and the volumetric flow rate has an oscillatory nature, 
as shown in Fig. 5. We represent the cardiac waveform by a discrete Fourier series 
based on twenty-six experimental points presented by Nazemi, et al. [35]. The 
time dependency of the mean cross flow velocity is imposed by the following 
Fourier representation: 

N 

um(t) = Ao + L(Ak ·cos21tkt+ Bk ·sin2nkt) (41) 
k=l 

where N = 8, the number of harmonics used. The natural frequency of the 

pulsatile waveform is set tow= 2n rad/s, with a period Tp = 1 s, as shown in Fig. 

5. The Womersley number, a.= (DI2)-./0N, which characterizes the flow 

frequency, the geometry of the model and the fluid viscous properties, is a.= 5.75. 

The amplitude coefficient (~ = Remax/Rem) of the flow is ~ = 2.64, and the peak 
systolic flow occurs at t = 0.247 s. The mean Reynolds number is calculated as 

Rem= Dum lv, where vis the blood kinematic viscosity, um is the time-average 

inflow mean velocity, from which Q = n(D2 I 4 )um , the time-average volumetric 

flow rate. 
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Figure 4 Distribution of nondimensional shear stress gradient along the wall of 
the two-aneurysm model. 
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Figure 5 Pulsatile volumetric flow rate and Reynolds number for Rem = 680. 
Flow stages A, B, .. . , I are of particular importance for the evaluation of 
hemodynamic parameters. Peak systolic flow occurs at t = 0.247 s and diastolic 
phase begins at t = 0.465 s. 

Numerical simulations for pulsatile flow are performed at mean Reynolds 

numbers over the range 10 < Rem < 680. Rem is defined as the time-average 
Reynolds number obtained by integrating the inlet Reynolds number over the 

pulsatile cycle. The instantaneous Reynolds number, Rei(ti), is based on the 

spatially-averaged inlet velocity at time ty The pressure at the end of the two­
aneurysm model is set to 70 mmHg, and all the pressure results presented are 
relative to this value. Results are obtained at 1150 s intervals, but only selected 
flow stages considered to be the ones that represent the most important 
hemodynamic changes during the cycle are presented here. These stages are 
obtained at the last cycle of the asymptotically converged temporal solution, 
which is reached after a transient resulting from the application of the initial 
condition. Convergence is achieved when the flow becomes time periodic; this is 
verified by analyzing velocity plots at different points of the computational 

domain, as shown in Fig. 6 for Rem = 100. For transient simulations, the initial 
value code solves the fully discrete set of governing equations at each time step by 
means of iterative solvers and tensor-product sum-factorization techniques. 

The vortex dynamics induced by pulsatile blood flow in AAAs is 
characterized by means of a sequence of different flow stages in one period of the 

cardiac pulse. Figure 7 shows streamline plots for representative Rem = 680 at 
nine flow stages in one cycle. The following five distinct flow phases depict the 
Reynolds-dependent and AAA-size-dependent vortex structures: 
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Figure 6 Temporal evolution of the axial velocity for Rem= 100 at history points 
#2 and #5 (shown in Fig. 2) of the computational mesh. 

(1) Early systolic acceleration which involves sweeping of vortices, left from the 
previous pulse, out of the deformed regions, resulting in an attached flow 
pattern. Vortices in the small AAA are swept earlier than in the large AAA. 

(2) Late systolic acceleration is characterized by attached flow for low mean 

Reynolds numbers (Rem). For high Rem' the decrease in the temporal 
acceleration of the fluid upon reaching peak flow causes flow separation in 
the proximal ends of both aneurysms. The annular vortex forms earlier in the 
small AAA. 

(3) Systolic deceleration is characterized by vortex growth and translation of 

vortex centers downstream. For high Rem' secondary clockwise-rotating 
vortices are induced at the center of both aneurysms, once the main 
recirculation regions grow to full size. The end of systole itself is detailed as 
follows: 

• For low Rem, flow reattachment only occurs in the distal end of the large 
AAA. 

• For moderate Rem' the flow does not reattach to the wall. 

• For high Rem, the flow reattaches at the center of both AAAs, while the 
secondary vortices are trapped against the wall. 

(4) Early diastole, during which partial sweeping of the vortex structures left 
from systole is obtained, driven by a favorable pressure gradient. The 
recirculation regions are reduced considerably in size, as the flow attempts to 
reattach to the wall. 
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Figure 7 Streamlines for laminar pulsatile flow at Rem= 680. The direction of the 
flow is from left to right. 

(5) Late diastole involves fairly constant full-size vortices within both AAAs, 

similar to a steady flow pattern. For high Rem, a secondary vortex coexists 
with the main recirculation region at the center of the large AAA. 

In-vivo disturbed flow in localized regions of the cardiovascular system 
commonly subject to diagnosis of arterial diseases are typically associated with 
vortex structures, non-uniform fluid shear stress and high wall pressure. The focal 
occurrence of this hemodynamic disturbance has been correlated in-vitro with the 
alignment and migration of endothelial cells, as well as changes in their metabolic 
functions , which include cell division rates, protein-protein interactions, and 
cytosoljc free calcium concentrations, among others. Non-uniform time-average 
shear stress measured experimentally at sites where irregular geometries take 
place in the arterial tree have led to the concept of shear stress gradient as a 
hemodynamic parameter of potential importance for explaining flow-induced 
arterial wall pathology and morphological changes in the endothelial lining. 
Therefore, we present the gradient of fluid shear stress evaluated in the tangential 
and normal directions to the arterial wall as a relevant hemodynamic force that 
influences the vortex dynamics of pulsatile blood flow in AAAs. The Wall Shear 

Stress Gradient (WSSG) distribution for Rem = 680 is shown in Fig. 8. The low, 
almost constant shear stress at the center of the AAA walls produces a constant 
WSSG of near-zero magnitude during the pulsatile cycle at these locations. At the 
proximal and distal ends of each aneurysm, however, the oscillatory behavior of 
the WSSG distribution is characterized by spatial variations at the sites where 
large velocity gradients occur. The regions where high positive and low negative 
shear stresses coexist due to flow reattachment are subjected to high WSSG values 
which are maximum at t = 0.247 s, when peak flow is obtained. High levels of 
WSSG are obtained in the small aneurysm during the accelerating phases of the 
cycle (early systole and early diastole), while the large aneurysm is subject to high 
WSSGs during the decelerating phases. This is explained by the fact that during 
temporal acceleration (consider 0.16 s:::; t:::; 0.22 s, for example), vortex shedding 
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and flow separation occurs earlier in the small aneurysm, producing higher shear 
stresses at the distal end. Alternatively , temporal deceleration induces secondary 
recirculation regions within the large aneurysm (e.g. , 0.30 s ~ t ~ 0.46 s), which 
result in an additional change of sign in the shear stress at the wall close to the 
point of flow reattachment. At peak values of flow rate where temporal 
acceleration is essentially zero (t = 0.247 s and t = 0.555 s), AAA size determines 
the magnitude of the shear stress distribution , resulting in higher WSSGs in the 
large aneurysm. 

While the role of wall shear stress gradients in specific arterial diseases is 
not thoroughly understood yet, it is known that hemodynamic disturbance 
influences the endothelial lining of the cardiovascular system, and that the 
endothelium does not seem to be affected at an early stage of lesion development 
[36, 37]. Our numerical results for pulsatile flow point to an intermediate stage of 
AAA growth for which disturbed flow conditions exist. The quantification of this 
disturbance results in three distinct regions of flow development: (i) very low wall 
shear stresses at the center of an aneurysm; (ii) high wall shear stress gradients in 
the distal end of each AAA; and (iii) oscillating wall shear stresses and wall shear 
stress gradients at any site of the expanded arterial segment. The oscillatory nature 
of the WSSG at high mean volumetric flow rates, once the aneurysm has begun to 
grow, produces peak values of a periodic, pulsating hemodynamic force that may 
be responsible for severe sites of injury to the endothelium over a relatively long 
period of time. 
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Figure 8 Wall Shear Stress Gradient (WSSG) distribution for Rem = 680 as a 
function of time and axial location. 
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4.2 Heat Removal from Electronic Components: Convection-Only vs. 
Conjugate Conduction/Convection Predictions 

The next application considers the heat removal by forced convection from 
surface-mounted electronic components on Printed Circuit Boards (PCBs). 
Figure 9 depicts a schematic of a periodic grooved-channel geometry with the 
configuration and material composition of the electronic components. Numerical 
simulations of the time-dependent convection-only and conjugate 
conduction/convection heat transfer are performed to ascertain the influence that 
conjugate effects have upon the convective heat transport. The conjugate results 
are contrasted with convection-only results obtained from simulating the fluid 
domain for the same geometry with uniform heat-flux boundary conditions along 
the grooved wall. The periodic grooved channels, formed by the electronic 
components and PCBs, are able to sustain Tollmien-Schlichting channel 
instabilities [38, 39]. The passive flow destabilization, induced by the spatially 
periodic disturbances introduced by the electronic components induces oscillatory 
flows, Tollmien-Schlichting traveling waves in the bypass region, and vortex 
ejections from the groove region which are flow mechanisms responsible for 
enhancing the overall mixing and, hence, improving the heat transfer performance 
[40]. Complex supercritical flow structure produces a time-repetitive sequence of 
convective exchange between the groove and the bypass regions. The periodic 
disruption of the shear layer coupled with the separation flow phenomenon at the 
downstream groove comer induces ejection of the hot fluid from the downstream 
component face into the bypass flow [18]. 
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Figure 9 Schematic of the electronic component configuration and flow regions. 
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4.2.1 Convection simulations. We present first convection-only simulations 
where uniform heat flux at the solid-fluid interface is specified as the boundary 
condition. To satisfy this boundary condition, the wall temperature must adjust in 
accordance with the temperature of the fluid in the near-wall region of the 
boundary layer. Therefore, the temperature distribution along the wall is 
governed by a combination of the local fluid temperature and the wall shear stress, 
both being strongly related to upstream effects. The effect of the flow regime on 
the time-averaged difference between the surface and bulk-mean temperatures 
(AT) is presented in Fig 10. The distributions of AT along the top surface of the 
electronic component (rib) are quite similar for all the Reynolds numbers. 
However, the largest AT is exhibited by the near critical Reynolds number case 
(Re = 550), followed by the subcritical (Re = 261) and then the supercritical cases 
(Re = 600, 693). Within the subcritical flow regime the wake from the preceding 
rib is not fully homogenized. Therefore, the thermal boundary layer initiates with 
a finite thickness. As the boundary layer grows along the rib surface, its 
temperature increases to compensate for the energy diffused away from the wall. 
In the supercritical case, the wake is more completely homogenized, requiring a 
lower surface temperature at the leading edge of the rib to satisfy the constant flux 
boundary condition. Additionally, the supercritical bypass flow induces higher 
diffusion rates along the top surface of the rib, resulting in a more rapid increase 
in wall temperature than in the subcritical cases. 

As the flow becomes supercritical, the AT is substantially reduced due to 
the transverse momentum and time-dependent nature of the supercritical bypass 
flow. In fact, all of the surfaces along the grooved wall experience a reduction in 
temperature. The waviness of the supercritical flow structure results in transverse 
convective transport, inducing large-scale mixing and a reduction of the effects 
associated with the wake. 
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Figure 10 Twa!!- Tbu"' versus surface displacement for convection-only simulations. 
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The variations in convective behavior along the grooved surface can be 
visualized by examining the local distribution of the time-averaged Nusselt 
number, shown in Fig. 11, for Reynolds numbers Rein the subcritical (Re = 261) 
near critical (Re = 550) and supercritical (Re = 600, 693) flow regimes. Along the 
top surface of the rib, the Nusselt numbers decrease slightly with Reynolds 
number throughout the subcritical regime. However, this behavior reverses in the 
supercritical flow regime, as the Nusselt number increases significantly with 
Reynolds number. The Nusselt number within the groove region continuously 
increases with Reynolds number for both subcritical and supercritical flows, 
suggesting that the recirculating flow patterns within the groove significantly 
minimize any resistance associated with upstream effects. 

In summary, the supercritical flow structure increases convective heat 
transport through three mechanisms. First, the traveling waves in the bypass 
region induce fluctuations in the velocity components. These fluctuations 
periodically increase the shear stress substantially above subscritical values, 
resulting in increased diffusion at the solid-fluid interface. Second, the 
supercritical bypass flow contains fluctuations in normal velocity, which partially 
homogenize the temperature distribution within the bypass flow and wake. Last, 
the supercritical flow structure disrupts the shear layer separating the groove and 
bypass flows. This disruption results in direct convective exchange between the 
groove and bypass flows, increasing surface transport rates. Therefore, the 
supercritical flow structure increase heat transport by both increasing diffusion at 
the solid-fluid interface and inducing large-scale mixing within and between the 
groove and bypass regions. 
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Figure 11 Time-averaged Nusselt number distribution along the grooved-channel 
wall, for subcritical and supercritical flows for convection simulations. 
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4.2.2 Conjugate conduction/convection simulations. In the conjugate 
conduction/convection simulations, heat is generated within the chip (Fig. 9), 
conducted through the electronic component and convected into the cooling fluid. 
The local flow characteristics in the grooved channel are the same as in the 
convection-only simulations with uniform heat-flux boundary conditions. 
However, the local thermal characteristics along with the composition and 
distribution of heat generation within the solid region dictate the local convective 
performance. Consequently, because of the additional internal heat resistances, in 
the electronic component, the surface temperature distribution (Fig. 12) exhibits a 
different pattern than in the convection-only simulations (Fig. 10). The 
concentrated heat generation in the chip produces a maximum AT directly above 
the location of the chip. This differs from the convection-only simulations in 
which the top surface of the rib displays the lowest AT and the groove surface the 
highest. In fact, for the conjugate case, the groove surface displays the lowest AT. 

Contrary to the convection-only case, in conjugate conduction/convection, 
the AT increases from the subcritical to the supercritical flow regime, for the range 
of Reynolds numbers explored. In the convection-only case, the uniform flux 
boundary condition applied at the solid-fluid interface mandates that the product 
of the heat transfer coefficient and the temperature difference be constant. At 
supercritical Reynolds numbers, higher heat transfer coefficients result because of 
the combination of better flow homogenization and higher diffusive rates. 
Therefore, the AT must decrease to satisfy the uniform heat-flux boundary 
condition. However, the conjugate problem must satisfy a different boundary 
condition, namely continuity of flux and temperature at the solid-fluid interface. 
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Figure 13 Time-averaged heat flux distribution along the solid-fluid interrace for 
subcritical (Re = 261) and supercritical (Re = 676) flows for conjugate 
conduction/convection simulations, and constant heat. 

As the Reynolds number increases within the range of this study, more heat is 
convected from the package surrace (Fig. 13), causing larger internal temperature 
gradients. To satisfy the continuity of flux boundary condition, the temperature 
gradient within the fluid must similarly increase. Physically, as heat is removed 
from the package by the cooling fluid, the bulk temperature increases. Therefore, 
the surrace temperature must likewise increase in order to maintain the 
temperature gradient at the solid-fluid interrace. 

The time-averaged heat flux distribution for the conjugate simulation is 
shown in Fig. 13 for subcritical (Re = 261) and supercritical (Re = 676) flow 
regimes. In the subcritical regime, the shear layer separating the groove and 
bypass flows precludes convective exchange of fluid. Therefore, the fluid 
recirculating within the groove, which is heated along the upstream and 
downstream component faces, becomes hotter than the local surrace temperature 
at the groove bottom. This temperature gradient causes heat to be transferred 
from the fluid to the groove surrace, producing negative heat fluxes in the 
upstream and downstream groove faces (Fig. 13). However, the bypass flow 
convectively cools the fluid within the groove when the shear layer is disrupted 
and the flow becomes supercritical and oscillatory. The heat flux distribution 
along the top surrace of the rib is affected by the growth of the thermal boundary 
layer and the location of the heat generation, leading to an exponential decline in 
the downstream direction with a local rise directly over the location of the chip 
[18, 10]. Therefore, time-dependent forced convective transport phenomena, on 
complex, multimaterial solid domains with conjugate conduction/convection, 
exhibit different thermal perrormance than the one obtained by assuming uniform 
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heat-flux boundary conditions. These results illustrate the importance of 
accounting for conjugate conduction/convection effects in the design and analysis 
of heat exchanger configurations such as those found in the cooling of electronic 
components. 

4.3 Mass Transfer in Pulsating Flow Blood Oxygenators 

For the final application, we consider three-dimensional simulations of pulsatile 
flows with oxygen transport. These simulations have been performed in the 
context of developing intravenous membrane oxygenators to complement the 
function of the natural lung for patients with the Acute Respiratory Distress 
Syndrome (ARDS). This is an illness that affects people's lungs characterized by 
a progressive interstitial edema, a diminished preliminary compliance and a 
decreased diffusion capability. Treatments based on mechanical ventilation, 
extracorporeal oxygenation and intravenous oxygenation have been developed 
with the goal of providing the patients with necessary respiratory support, until 
their lungs recover the normal gas exchange function [41-43]. Intravenous 
oxygenation is one of the treatments that have been proposed as a potentially 
attractive therapy in-patients with ARDS [44, 45]. The success of this treatment 
is based on its ability to reach levels of oxygen and carbon dioxide exchange 
appropriate for the metabolic requirements and make the intravenous oxygenation 
more clinically effective, without restricting cardiac return and seriously affecting 
the venous hemodynamics [44-46]. 

The Intravenous Membrane Oxygenator (IMO) device, shown in Fig. 
14(a), is being currently tested at the University of Pittsburgh Artificial Lung 
program with the goal of reaching oxygen and carbon dioxide exchange of 50% of 
the metabolic requirements [45-47]. This device, which is inserted within the 
vena cava, has a centrally positioned elongated balloon within a bundle of 
hundreds of hollow fiber membranes. The balloon, made of elastic and non­
permeable polyurethane walls, is inflated and deflated to a given amplitude and 
frequency by externally-pumped helium. The oxygen and carbon dioxide are 
transported longitudinally within the hollow fibers. The number of fibers within 
the IMO device varies between 700 and 1100 depending on the fiber size. Early 
in-vitro and in-vivo experiments [45-47] have indicated that balloon pulsation 
enhances IMO gas exchange by increasing fluid convection around the fiber 
bundle and that the additional convective flow depends on the amplitude and 
frequency of the balloon pulsations. In-vitro studies with a free fiber bundle, 
performed by Federspiel et al. [46] , have shown that the critical frequency to 
maintain a sufficient oxygen flow rate and a good condition for volume amplitude 
of balloon pulsations is about 160 beats/min (bpm). The same experiments, 
performed in water, have shown that the gas exchange performance increases to 
an asymptotic stage as the pulsation frequency increases to 160 bpm. These 
results have allowed them to conclude that the pulsating balloon mechanism for 
enhancing convective mixing into the vena cava system most likely will be a key 
component to increase the efficiency of gas transfer at the fiber level. Recent in­
vitro experiments by Federspiel et al. [48] with a constrained fiber bundle have 
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indicated that this fiber configuration represents a better alternative in terms of 
pressure drop and gas exchange than the free fiber bundle. Guzman and Amon 
[49, 50] have performed spectral element simulations and parametric 
investigations of the IMO device, to determine the flow mixing characteristics and 
mass transfer enhancement mechanisms induced by cross-pulsating blood flows, 
for both stationary and pulsating balloon conditions. 

Computational 
domain 

(a) 

Vena cava 

Fiber 

(b) 

Central gas conduit 

y 

Pulsating 
balloon 

X 

Figure 14 Intravenous Membrane Oxygenator (IMO) device: (a) schematic 
representation within the vena cava; and, (b) computational domain. 
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A schematic representation of the physical model of the IMO device is 
shown in Fig. 14(a), where for clarity, only a few fibers are shown. In the current 
simulations, the flow characteristics correspond to a hydrodynamically fully­
developed flow regime. The three-dimensional (3D) computational model shown 
in Fig. 14(b) ignores inlet and exit geometric effects of the IMO device and 
assumes that the oxygen transport process occurs far from the feed and exhaust 
manifolds. This model also considers that the balloon inflates and deflates 
uniformly in the radial direction (i.e., normal to the surface balloon) and that the 
fibers remain stationary as in the in-vitro experiments, with their longitudinal axes 
parallel to the streamwise z-direction. The computational model assumes that 
there are 128 fibers uniformly distributed between the vena cava and balloon. 
Therefore, the physical space is divided into 128 regions of equal dimensions, 
where the flow and the oxygen transport characteristics repeat in each region. The 
computational domain is composed by one of these regions and is bounded by the 
physical boundaries of the vena cava, balloon and fiber, and by the fluid 
boundaries in the spanwise x- and streamwise z-directions. Notice that the 
streamwise length of this computational domain of L = 4 em is shorter than the 
stream wise length (25 em approximately) of the physical model. 

The computational study considers a time-dependent, incompressible and 
Newtonian blood flow within the vena cava. For the operating conditions of a 
stationary balloon, the velocity field corresponds to a steady-state regime; 
whereas, for the pulsating balloon, the velocity field is time dependent because of 
the balloon motion. Two fundamental processes govern the oxygen transport 
mechanism: bulk convection and molecular diffusion. Oxygen is transported by 
the bulk convection in the blood that flows through the vessel and by molecular 
diffusion from the blood across vessel walls to the bulk flow. Almost all the 
oxygen is carried in reversible combination within the hemoglobin contained in 
the blood cells. In this study, the oxygen transport within the blood is described 
by a model of non-reacting species transport given by the conservation of species 
equation. Thus, the governing equations 1, 2 and 3(b), describe the blood flow and 
the oxygen transport within the Intravenous Membrane Oxygenator for the two 
operating conditions of this study: a stationary balloon and a pulsating balloon. 
Figure 15(a) shows the spectral element discretization of the computational 
domain; whereas, Figs. 15(b) and (c) illustrate mesh details and nodal points near 
the fiber surface where high velocity and oxygen concentration gradients are 
expected. The IMO model length is 4 em, the fiber diameter is 250 Jl.m and the 
vena cava diameter is 2.5 em. Simulations performed with a stationary balloon 
consider the action of a streamwise pressure gradient only; whereas, for a 
pulsating balloon, a time-sinusoidal motion of the balloon wall along with the 
streamwise pressure gradient originates the flow. The balloon wall motion 
boundary condition defines a time-dependent computational domain problem 
[51]. 
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(a) 

(c) 

Figure 15 Spectral element discretization: (a) computational domain; (b) 3D 
macroelements close to the fiber; and, (c) collocation points. 

Figures 16(a) and (b) show streamwise uz-velocity profiles and velocity 
vector representations, respectively, for a stationary balloon condition in the 
Reynolds number range of Re = 5.7- 455.2. The Reynolds number is defined as 

Re = Dvcii /v, where u is the mean velocity in the vena cava, Dvc is the vena cava 
diameter and v is the kinematic viscosity. For successive increases of the 

Reynolds number the streamwise uz-velocity profiles remain parabolic in shape 
between the vena cava and fiber and balloon wall. The only effect of the higher 
Re is to increase the mean velocity of the velocity profiles, but not its parabolic 
shape [49, 52]. 

For a stationary balloon, the vector representations show that the flow is 
parallel to the streamwise direction with absence of secondary flows and 
recirculation regions in the Reynolds number range of these simulations. 
Therefore, for a stationary balloon, the flow remains parallel, bi-directional, and 
parabolic in shape and without secondary flows. Figure 17 shows oxygen 
concentration profiles at the inlet of the computational domain, for the Reynolds 
numbers range of 5.7 - 455.2. Simulations have been performed with an oxygen 

concentration value of cw = l.Oxl0-
5 

ml-Oz'ml. The oxygen concentration profiles 
and their gradients at the fiber wall remain similar in shape and size as the 
Reynolds number increases. The oxygen concentration transport occurs very close 
to the fiber wall by a diffusion mechanism. The streamwise convection does not 
affect significantly the transport of oxygen to the bulk blood flow. Therefore, the 
oxygen diffusive mechanism to the blood flow saturates at relatively low 
Reynolds numbers. Thus, higher volumetric flow rates in the streamwise direction 
do not significantly increase the oxygen transport process efficiency [50, 51]. 
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(a) 

Figure 16 Velocity representation for a stationary balloon for the Reynolds 

number range of Re = 5.7 - 455.2: (a) streamwise uz-velocity profiles; and, (b) 
velocity vectors and close up for Re = 341.5. 
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Figure 17 Oxygen concentration profiles for a stationary balloon for the Reynolds 
number range of Re = 5.7- 455.2. 
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For a pulsating balloon condition, Fig. 18 shows velocity vector 
representations. In this type of simulation, the computational domain deforms 
continuously due to the pulsating balloon motion with no blood flow through the 
balloon wall. The balloon wall pulsates to a frequency of 60 beats/min (1 Hz) and 

a radial velocity of uy = 0.078539·sin(27rlt). The pulsating balloon originates a 
fluid motion that resembles the impaired oscillatory motion of the balloon wall. 

The magnitude of radial crosswise uy-velocity below the fiber is larger than above 
the fiber because the fiber damps the radial flow and the momentum flux 
originated by the pulsating balloon. Around the fiber, the radial velocity increases 
in magnitude and accelerates the flow. Additionally, the pulsating balloon 
originates a secondary flow with a random spanwise velocity and a pulsatile 
streamwise velocity. This behavior increases the flow mixing, especially near the 
fiber and consequently increases the oxygen transport to the bulk flow [51, 52]. 
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